Rank 3 filtered $(\varphi,N)$-modules by Dousmanis, Gerasimos
ar
X
iv
:1
21
1.
39
78
v1
  [
ma
th.
NT
]  
16
 N
ov
 20
12
Rank 3 filtered (ϕ,N)-modules
Gerasimos Dousmanis
August 16, 2018
Abstract
We classify 3-dimensional semistable Frob-semisimple representations of GQ
pf
.
In this paper we classify 3-dimensional semistable Frob-semisimple representations of GK where
K is the unramified extension of Qp of degree f. As in [1], this easily extends to the case of
3-dimensional semisimple representations of GK for any finite extension K of Qp, including the
non-Frob-semisimple and Frob-scalar cases. The paper was written in June 2012 during the The-
matic Program on Galois Representations at Fields Institute. We thank the Fields Institute for its
hospitality and financial support.
Let p will be a fixed odd integer prime, Kf = Qpf the finite unramified extension of Qp of degree
f, and E a finite, large enough extension of Kf . When the degree of Kf plays no role we simply
write K. We denote by σK the absolute Frobenius of K; we fix once and for all a distinguished
embedding K
τ0
→֒ E and we let τi = τ0◦σ
i
K for all i = 0, 1, ..., f−1.We fix the f -tuple of embeddings
| τ |:= (τ0, τ1, ..., τf−1) and we denote E
|τ | :=
∏
τ :K →֒EE, with the embeddings ordered as above.
The map ν : K ⊗Qp E → E
|τ | with ν(x ⊗ y) := (τi(x)y)τi is a ring isomorphism and the ring
automorphism 1E ⊗ σ : E ⊗K → E ⊗K transforms via ν to the automorphism ϕ : E
|τ | → E|τ |
with ϕ(x0, x1, ..., xf−1) = (x1, ..., xf−1, x0). Notice that ϕ
f acts trivially on E|τ |. We denote by
eτi = (0, ..., 1i, ..., 0) the idempotent of E
|τ | where the 1 occurs in the τi-th coordinate, for each
i ∈ {0, 1, ..., f − 1}. For any ~x ∈ E|τ |, we denote by x(i) its i-th coordinate, by Nmϕ(~x) the vector∏f−1
i=0 ϕ
i(~x); we write Nmϕ(~x) for the scalar
∏f−1
i=0 x(i) such that Nmϕ(~x) =
∏f−1
i=0 x(i) ·
~1, and we
define vp (Nmϕ(~x)) := vp(
∏f−1
i=0 x(i)). For any matrix A with entries in E
|τ | we write Nmϕ(A) :=
Aϕ(A) · · · ϕf−1(A), with ϕ acting on each entry of A.
1 Rank three weakly admissible filtered ϕ-modules over K
with E-coefficients and distinct eigenvalues of frobenius
Let MFϕK,E be the category of filtered ϕ-modules over K with E-coefficients, and let MF
ϕ,w.a.
K,E be
the subcategory of weakly admissible filtered ϕ-submodules. Let (D,ϕ) be a three-dimensional
object in MFϕK,E . We let Di := eτiDi and we define Fil
jDi := eτiFil
jD for all i and j, and for
each i = 0, 1, ..., f − 1. We define the labeled Hodge-Tate weights HT (Di) of D with respect to
the embedding τi to be the multiset consisting of the opposites of the jumps of the filtration of
Di, and after twisting by some rank one weakly admissible filtered ϕ-module we may assume that
HT (Di) = {0 = k0(i) ≤ k1(i) ≤ k2(i)} for all i. We say that the eigenvalues of frobenius of
1
(D,ϕ) are distinct if Mate (ϕ) = diag
(
~a,~b,~c
)
for some ordered basis e and some ~a,~b,~c ∈ (E×)
f
with distinct Nmϕ (~a) ,Nmϕ(~b) and Nmϕ (~c) . This is equivalent to Mate
(
ϕf
)
being diagonal with
distinct diagonal entries of the form α ·~1, where α ∈ E× (see Proposition 1.5). We classify rank 3
objects of MFϕK,E up to isomorphism and give a criterion for weak admissibility.
Proposition 1.1 Any rank 3 filtered ϕ-module over K with E-coefficients, distinct eigenvalues
of frobenius, and labeled Hodge-Tate weights HT (Di) = {0 = k0(i) ≤ k1(i) ≤ k2(i)} for all i is
isomorphic to a filtered ϕ-module (D,ϕ) with frobenius action defined by a matrix of the form
Mate (ϕ) = diag
(
~a,~b,~c
)
for some ordered basis e of D and some ~a,~b,~c ∈ (E×)
f
with distinct norms Nmϕ (~a) ,Nmϕ(~b) and
Nmϕ (~c) , and filtration
Filj (D) =
f−1⊕
i=0
Filj (Di) ,
where:
1. If HT (Di) = {0 = k0(i) < k1(i) < k2(i)}, then
FiljDi =


eτiE
|τ |e0 ⊕ eτiE
|τ |e1 ⊕ eτiE
|τ |e2 if j ≤ 0,
eτiE
|τ | (e0 + x2(i)e2)⊕ eτiE
|τ | (e1 + x
′
2(i)e2) if 1 ≤ j ≤ k1(i),
eτiE
|τ | (e0 + x1(i)e1 + x
′′
2 (i)e2) if 1 + k1(i) ≤ j ≤ k2(i),
0 if 1 + k2(i) ≤ j,
(F0)
with x1(i) ∈ E, x2(i), x
′
2(i) ∈ {0, 1}, and x
′′
2 (i) = x2(i) + x1(i)x
′
2(i).
2. If HT (Di) = {0 = k0(i) < k1(i) = k2(i)} or {0 = k0(i) = k1(i) < k2(i)}, then
FiljDi =


eτiE
|τ |e0 ⊕ eτiE
|τ |e1 ⊕ eτiE
|τ |e2 if j ≤ 0,
eτiE
|τ | (e0 + x2(i)e2)⊕ eτiE
|τ | (e1 + x
′
2(i)e2) if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
(F1)
with x2(i), x
′
2(i) ∈ {0, 1} and with k(i) denoting the nonzero weight, or of the form
Filj (eτiD) =


eτiE
|τ |e0 ⊕ eτiE
|τ |e1 ⊕ eτiE
|τ |e2 if j ≤ 0,
eτiE
|τ | (e0 + x1(i)e1 + x
′′
2(i)e2) if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
( F2)
with x1(i), x
′′
2 (i) ∈ {0, 1}.
3. Finally, if HT (Di) = {0}, then
FiljDi =
{
eτiE
|τ |e0 ⊕ eτiE
|τ |e1 ⊕ eτiE
|τ |e2 if j ≤ 0,
0 if j ≥ 1.
(F3)
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Let
I0 := {0, 1, ..., f − 1},
I1 := {i ∈ I0 : HT (Di) = {0 = k0(i) < k1(i) < k2(i)}},
and
I2 := {i ∈ I0 : HT (Di) = {0 = k0(i) = k1(i) < k2(i)} or HT (Di) = {0 = k0(i) < k1(i) = k2(i)},
and the filtration of D1 is given by formula (F1)}. In this case the nonzero weight is denoted by k(i).
Finally, let
I3 := {i ∈ I0 : HT (Di) = {0 = k0(i) = k1(i) < k2(i)} or HT (Di) = {0 = k0(i) < k1(i) = k2(i)},
and the filtration of D1 is given by formula ( F2)}.
Proposition 1.2 A filtered ϕ-module (D,ϕ) as in Proposition 1.1 is weakly admissible if and only
if
vp (Nmϕ (~a)) + vp
(
Nmϕ(~b)
)
+ vp (Nmϕ(~c) =
∑
i∈I1
(k1(i) + k2(i)) +
∑
i∈I2
2k(i) +
∑
i∈I3
k(i), (1.1)
vp (Nmϕ (~a)) ≥
∑
i∈I1 such that
x2(i)=0 and x1(i) 6=0
k1(i) +
∑
i∈I1 such that
x1(i)=x2(i)=0
k2(i) + (1.2)
+
∑
i∈I2 such that
x1(i)=0
k(i) +
∑
i∈I3 such that
x1(i)=x
′′
2
(i)=0
k(i),
vp
(
Nmϕ(~b)
)
≥
∑
i∈I1 such that
x′
2
(i)=0
k1(i) +
∑
i∈I2 such that
x′
2
(i)=0
k(i), (1.3)
vp (Nmϕ(~c)) ≥ 0, (1.4)
vp (Nmϕ (~a)) + vp
(
Nmϕ(~b)
)
≥
∑
i∈I1 such that
x′′
2
(i) 6=0
k1(i) +
∑
i∈I1 such that
x′′
2
(i)=0 and x′
2
(i)=1
k2(i)+
(1.5)
+
∑
i∈I1 such that
x2(i)=x
′
2
(i)=0
(k1(i) + k2(i)) +
∑
i∈I2 such that x
′
2
(i)=1 or
x′
2
(i)=0 and x2(i) 6=0
k(i) +
∑
i∈I2 such that
x2(i)=x
′
2
(i)=0
2k(i) +
∑
i∈I3 such that
x′′
2
(i)=0
k(i),
3
vp (Nmϕ (~a)) + vp (Nmϕ(~c)) ≥
∑
i∈I1 such that
x1(i) 6=0
k1(i) +
∑
i∈I1 such that
x1(i)=0
k2(i)+ (1.6)
+
∑
i∈I2
k(i) +
∑
i∈I3 such that
x1(i)=0
k(i),
vp
(
Nmϕ(~b)
)
+ vp (Nmϕ(~c)) ≥
∑
i∈I1
k1(i) +
∑
i∈I2
k(i). (1.7)
The filtered ϕ-module is irreducible in MFϕ,w.aKf ,E if and only if all inequalities (1.2)-(1.7) are strict.
Assuming that (D,ϕ) is weakly admissible,
(a) The submodule D0 is weakly admissible if and only if inequality (1.2) is equality.
(b) The submodule D1 is weakly admissible if and only if inequality (1.3) is equality.
(c) The submodule D2 is weakly admissible if and only if inequality (1.4) is equality.
(d) The submodule D01 is weakly admissible if and only if inequality (1.5) is equality.
(e) The submodule D02 is weakly admissible if and only if inequality (1.6) is equality.
(f) The submodule D12 is weakly admissible if and only if inequality (1.7) is equality.
We denote the filtered module of Proposition 1.1 by (D (a, x)) , where a =
(
~a,~b,~c
)
and x =
(~x1, ~x2, ~x
′
2, ~x
′′
2 ) .
Proposition 1.3 We have (D (a, x)) ≃
(
D
(
a1, y
))
, where a1 =
(
~a1,~b1,~c1
)
and y = (~y1, ~y2, ~y
′
2, ~y
′′
2 )
if and only if either
1.
(
Nmϕ(~a),Nmϕ(~b),Nmϕ(~c)
)
=
(
Nmϕ(~a1),Nmϕ(~b1),Nmϕ(~c1)
)
, and
(a) For all i such that the filtration of Di is given by formula (F0), either
i. x2(i) = y2(i) = x
′
2(i) = y
′
2(i) = 1, and x1(i) = y1(i) or
ii. x2(i) = y2(i) = 0, x
′
2(i) = y
′
2(i) = 1, and x1(i) 6= 0 if and only if y1(i) 6= 0, or
iii. x′2(i) = y
′
2(i) = 0, x2(i) = 1 if and only if y2(i) = 1, and x1(i) 6= 0 if and only if
y1(i) 6= 0.
(b) For all i such that the filtration of Di is given by formula (F1), x
′
2(i) = y
′
2(i), and
x2(i) = y2(i).
(c) For all i such that the filtration of Di is given by formula ( F2), x1(i) = y1(i) and
x′′2 (i) = y
′′
2 (i).
2.
(
Nmϕ(~a),Nmϕ(~b),Nmϕ(~c)
)
=
(
Nmϕ(~b1),Nmϕ(~a1),Nmϕ(~c1)
)
, and
(a) For all i such that the filtration of Di is given by formula (F0), either
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i. x2 = y2 = x
′
2 = y
′
2 = 0, and x1y1 6= 0, or
ii. x′2 = y2 = 0, x2 = y
′
2 = 1, and y1x1 6= 0, or
iii. x2 = y
′
2 = 0, x
′
2 = y2 = 1, and x1y1 6= 0.
(b) For all i such that the filtration of Di is given by formula (F1), x
′
2(i) = y2(i), and
y′2(i) = x2(i).
(c) For all i such that the filtration of Di is given by formula ( F2), x1(i) = y1(i) = 1 and
x′′2 (i) = y
′′
2 (i).
3.
(
Nmϕ(~a),Nmϕ(~b),Nmϕ(~c)
)
=
(
Nmϕ(~c1),Nmϕ(~a1),Nmϕ(~b1)
)
, and
(a) For all i such that the filtration of Di is given by formula (F0), either
i. x′2(i) = y2(i) = 0, x2(i) = y
′
2(i) = 1, and x1(i)y1(i) 6= 0, or
ii. x2(i) = y2(i) = x
′
2(i) = y
′
2(i) = 1, and x1(i)y1(i) + x1(i) + 1 = 0.
(b) For all i such that the filtration of Di is given by formula (F1), x2(i) = y
′
2(i) = 1, and
x′2(i) = 1 if and only if y2(i) = 1.
(c) For all i such that the filtration of Di is given by formula ( F2), x1(i) = y
′′
2 (i) = 1 and
x′′2 (i) = 1 if and only if y1(i) = 1.
4.
(
Nmϕ(~a),Nmϕ(~b),Nmϕ(~c)
)
=
(
Nmϕ(~a1),Nmϕ(~c1),Nmϕ(~b1)
)
, and
(a) For all i such that the filtration of Di is given by formula (F0), either
i. x2(i) = y2(i) = y
′
2(i) = x
′
2(i) = 1, and x1(i) + y1(i) + 1 = 0, or
ii. x2(i) = y2(i) = 0, x
′
2(i) = y
′
2(i) = 1, and x1(i) 6= 0 if and only if y1(i) 6= 0.
(b) For all i such that the filtration of Di is given by formula (F1), x
′
2(i) = y
′
2(i) = 1
and x2(i) = y2(i).
(c) For all i such that the filtration of Di is given by formula ( F2), x
′′
2 (i) = y1(i) and
x1(i) = y
′′
2 (i).
5.
(
Nmϕ(~a),Nmϕ(~b),Nmϕ(~c)
)
=
(
Nmϕ(~c1),Nmϕ(~b1),Nmϕ(~a1)
)
, and
(a) For all i such that the filtration of Di is given by formula (F0), either
i. x2(i) = y2(i) = x
′
2(i) = y
′
2(i) = 1, x1(i) 6= 0, and x1(i) (y1(i) + 1) + y1(i) = 0, or
ii. x1(i) = y1(i) = 0, and x2(i) = y2(i) = x
′
2(i) = y
′
2(i) = 1, or
iii. x1(i) = y1(i) = x
′
2(i) = y
′
2(i) = 0, and x2(i) = y2(i) = 1, or
iv. x′2(i) = y
′
2(i) = 0, x2(i) = y2(i) = 1, and x1(i)y1(i) 6= 0.
(b) For all i such that the filtration of Di is given by formula (F1), x2(i) = y2(i) = 1 and
y′2(i) = x
′
2(i).
(c) For all i such that the filtration of Di is given by formula ( F2), x
′′
2 (i) = y
′′
2 (i) = 1 and
x1(i) = y1(i).
6.
(
Nmϕ(~a),Nmϕ(~b),Nmϕ(~c)
)
=
(
Nmϕ(~b1),Nmϕ(~c1),Nmϕ(~a1)
)
, and
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(a) For all i such that the filtration of Di is given by formula (F0), either
i. x2(i) = y2(i) = x
′
2(i) = y
′
2(i) = 1, and y1(i) (x1(i) + 1) + 1 = 0, or
ii. x′2(i) = y2(i) = 1, x2(i) = y
′
2(i) = 0, and x1(i)y1(i) 6= 0.
(b) For all i such that the filtration of Di is given by formula (F1), x
′
2(i) = y2(i) = 1 and
y′2(i) = x2(i).
(c) For all i such that the filtration of Di is given by formula ( F2), x
′′
2 (i) = y1(i) = 1 and
x1(i) = y
′′
2 (i).
Proposition 1.4 Let (D,ϕ,N) be a filtered (ϕ,N)-module over K with E coefficients and distinct
eigenvalues of frobenius. There exists some ordered bases e of D over E|τ | such that Mate (ϕ) =
diag
(
~a,~b,~c
)
with distinct Nmϕ(~a),Nmϕ(~b),Nmϕ(~c) and filtration as in Proposition 1.1. The matrix
[N ]e of the monodromy operator with respect to the basis e has one of the following forms with
at most two nonzero entries:
1.
[N ]e =


~0 ~a12 ~0
~0 ~0 ~a23
~a31 ~0 ~0

 ,
or
2.
[N ]e =


~0 ~0 ~a13
~a21 ~0 ~0
~0 ~a32 ~0

 ,
or
3.
[N ]e =


~0 ~a12 ~0
~0 ~0 ~a23
~a31 ~0 ~0

 ,
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where
~a12 = a12
(
1,
b (0)
pa (0)
,
b (0) b (1)
p2a (0)a (1)
, · · · ,
b (0) b (1) · · · b (f − 2)
pf−1a (0) a (1) · · · a (f − 2)
)
for some a12 ∈ E,
~a13 = a13
(
1,
c (0)
pa (0)
,
c (0) c (1)
p2a (0)a (1)
, · · · ,
c (0) c (1) · · · c (f − 2)
pf−1a (0) a (1) · · · a (f − 2)
)
for some a13 ∈ E,
~a21 = a21
(
1,
a (0)
pb (0)
,
a (0)a (1)
p2b (0) b (1)
, · · · ,
a (0) a (1) · · · a (f − 2)
pf−1b (0) b (1) · · · b (f − 2)
)
for some a21 ∈ E,
~a23 = a23
(
1,
c (0)
pb (0)
,
c (0) c (1)
p2b (0) b (1)
, · · · ,
c (0) c (1) · · · c (f − 2)
pf−1b (0) b (1) · · · b (f − 2)
)
for some a23 ∈ E,
~a31 = a31
(
1,
a (0)
pc (0)
,
a (0) a (1)
p2c (0) c (1)
, · · · ,
a (0) a (1) · · ·a (f − 2)
pf−1c (0) c (1) · · · c (f − 2)
)
for some a31 ∈ E,
~a32 = a32
(
1,
b (0)
pc (0)
,
b (0) b (1)
p2c (0) c (1)
, · · · ,
b (0) b (1) · · · b (f − 2)
pf−1c (0) c (1) · · · c (f − 2)
)
for some a32 ∈ E.
If a12 6= 0 then Nmϕ(~b) = p
fNmϕ(~a), if a31 6= 0 then Nmϕ(~a) = p
fNmϕ(~c) and if a23 6= 0 then
Nmϕ(~c) = p
fNmϕ(~b), if a13 6= 0 then Nmϕ(~c) = p
fNmϕ(~a), if a32 6= 0 then Nmϕ(~b) = p
fNmϕ(~c),
and if a21 6= 0 then Nmϕ(~c) = p
fNmϕ(~b).
Since the eigenvalues of frobenius are distinct, in all cases of Proposition 1.4, at most two of the
entries of the matrix of [N ]e are nonzero.
1.1 Proof of the propositions
The map ϕf is E|τ |-linear, Di is 3-dimensional over E and Di is ϕ
f -stable for all i. By Jordan
decomposition, for each i = 0, 1, ..., f − 1, there exists an ordered basis e(i) = (e0(i), e1(i), e2(i)) of
Di over E such that Matei
(
ϕf
)
has one of the following forms:
Matei
(
ϕf
)
= diag (a11(i), a22(i), a33(i))
for some aijj ∈ E
×, or
Matei
(
ϕf
)
=

 a11(i) 0 01 a11(i) 0
0 0 a33(i)


for some distinct a11(i), a33(i) ∈ E
×, or
Matei
(
ϕf
)
=

 a11(i) 0 01 a11(i) 0
0 1 a11(i)


for some a11(i) ∈ E
×. The E-linear map ϕ : Di → Di+1 is an isomorphism and {a11(i), a22(i), a33(i)} =
{a11(i+ 1), a22(i+ 1), a33(i+ 1)} for all i. Permuting the basis elements of the Di we may assume
that a11 := a11(i), a22 := a22(i) and a22 := a33(i) for all i. Moreover, if Matηi
(
ϕf
)
has one of
the types above for some i then Matηi
(
ϕf
)
has the same type for all i. For the ordered basis
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e = (e0, e1, e2) , where ej :=
f−1∑
i=0
ej(i), the shape of Mate
(
ϕf
)
is of the forms: either
Mate
(
ϕf
)
= diag
(
a11 ·~1, a22 ·~1, a33 ·~1
)
(1)
or
Mate
(
ϕf
)
=

 a11 ·
~1 ~0 ~0
~1 a11 ·~1 ~0
~0 ~0 a33 ·~1

 , (2)
or
Mate
(
ϕf
)
=

 a11 ·
~1 ~0 ~0
~1 a11 ·~1 ~0
~0 ~1 a11 ·~1

 . (3)
Proposition 1.5 A rank 3 filtered ϕ-module (D,ϕ) over K with E-coefficients has distinct eigen-
values of frobenius if and only if there exists an ordered basis e such that
Mate
(
ϕf
)
= diag
(
a11 ·~1, a22 ·~1, a33 ·~1
)
for some distinct ajj ∈ E
×.
Proof. Let P := Mate (ϕ) = (P0, P1, ..., Pf−1) and Q := Mate
(
ϕf
)
= (Q0, Q1, ..., Qf−1) . Since
Q = Nmϕ (P ) and ϕ
f (P ) = P, we have Q = Pϕ (Q)P−1 and Qi = PiQi+1P
−1
i for all i = 1, 2, ..., f.
Since Qi = Qi+1 = diag (a11, a22, a33) for all i, we have QiPi = PiQi, and since the ajj are
distinct, a direct computation shows that Pi is diagonal for all i. The proposition follows since
Nmϕ (~a) = a11 ·~1, Nmϕ(~b) = a22 ·~1, Nmϕ (~c) = a33 ·~1, and the ajj are distinct. The other direction
is trivial.
Proof of Proposition 1.1. Let e = (e0, e1, e2) be an ordered basis of D such that Mate
(
ϕf
)
is
diagonal, and fix some i ∈ {0, 1, ..., f − 1}. Assume that the labeled Hodge-Tate weights of D with
respect to the embedding τi are distinct. Then the filtration Fil
j (Di) := eτiFil
j (D) of Di := eτiD
has the form
FiljDi =


eτiD if j ≤ 0,
eτiD2 if 1 ≤ j ≤ k1(i),
eτiD1 if 1 + k1 ≤ j ≤ k2(i)
0 if j ≥ 1 + k2(i),
where
eτiD2 = eτiE
|τ |
(
~ui0e0 + ~u
i
1e1 + ~u
i
2e2
)
⊕ eτiE
|τ |
(
~vi0e0 + ~v
i
1e1 + ~v
i
2e2
)
,
with ~uij , ~v
i
j ∈ E
|τ |. The vectors eτi
(
~ui0e0 + ~u
i
1e1 + ~u
i
2e2
)
and eτi
(
~vi0e0 + ~v
i
1e1 + ~v
i
2e2
)
are linearly
independent over E and for simplicity we write ~uj := ~u
i
j and ~vj = ~v
i
j . The space eτiD1 is some
1-dimensional subspace of eτiD2. Applying an automorphism of (D,ϕ) which permutes the basis
elements, if necessary, we may assume that the i-th coordinate v0(i) of ~v0 is nonzero. Then
eτiD2 = eτiE
|τ |
(
u(i)− u0(i)v0(i)
−1v(i)
)
⊕ eτiE
|τ |v0(i)
−1v(i).
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Since eτiD2 is 2-dimensional over E, we have u1(i) − u0(i)
v1(i)
v0(i)
6= 0 or u2(i) − u0(i)
v2(i)
v0(i)
6= 0.
Applying the automorphism of (D,ϕ) which permutes the basis elements e1 and e2 and fixes e0, if
necessary, we may assume that r(i) := u1(i)− u0(i)
v1(i)
v0(i)
6= 0. Let
w(i) := e1 +
u0(i)v2(i)− v0(i)u2(i)
u0(i)v1(i)− u1(i)v0(i)
e2,
then
eτiD2 = eτiE
|τ |r(i)−1
(
u(i)− u0(i)v0(i)
−1v(i)
)
⊕ eτiE
|τ |v0(i)
−1v(i)
= eτiE
|τ |w(i) ⊕ eτiE
|τ |v0(i)
−1v(i) = eτiE
|τ |w(i)⊕ eτiE
|τ |
(
v0(i)
−1v(i)− v1(i)v0(i)
−1w(i)
)
= eτiE
|τ |
(
e1 +
u0(i)v2(i)− v0(i)u2(i)
u0(i)v1(i)− u1(i)v0(i)
e2
)
⊕ eτiE
|τ |
(
e0 +
u2(i)v1(i)− u1(i)v2(i)
u0(i)v1(i)− u1(i)v0(i)
e2
)
.
Let
y2(i) =
u2(i)v1(i)− u1(i)v2(i)
u0(i)v1(i)− u1(i)v0(i)
and y′2(i) =
u0(i)v2(i)− v0(i)u2(i)
u0(i)v1(i)− u1(i)v0(i)
.
We have eτiD2 = eτiE
|τ | (e0 + y2(i)e2)⊕ eτiE
|τ | (e1 + y
′
2(i)e2) , and let
eτiD1 = eτiE
|τ | (λ(i)e0 + µ(i)e1 + (λ(i)y2(i) + µ(i)y
′
2(i)) e2)
for some λ(i), µ(i) ∈ E with (λ(i), µ(i)) 6= (0, 0) . If λ(i) 6= 0, we let x1(i) =
µ(i)
λ(i) , x2(i) = y2(i) and
x′2(i) = y
′
2(i), otherwise we apply the automorphism of (D,ϕ) which permutes e0 with e1 and fixes
e2. Then
eτiD2 = eτiE
|τ | (e0 + x2(i)e2)⊕ eτiE
|τ | (e1 + x
′
2(i)e2) ,
where x2(i) = y
′
2(i) and x
′
2 = y2,
eτiD1 = eτiE
|τ |
(
e0 +
λ(i)
µ(i)
e1 +
(
λ(i)
µ(i)
x′2(i) + x2(i)
)
e2
)
and we let x1(i) =
λ(i)
µ(i) . If x
′
2(i) 6= 0, applying the automorphism which maps e2 to (x
′
2(i))
−1
·~1 · e2
and fixes e0 and e1 we may assume that x
′
2(i) = 1. Similarly, if x2(i) 6= 0, applying the automorphism
of (D,ϕ) which maps e0 to x2(i) · ~1 · e0 and fixes e1 and e2, we may assume that x2(i) = 1. The
matrix of ϕ remains diagonal after applying each of the automorphisms of (D,ϕ) above, and its
eigenvalues remain distinct. This concludes the proof of the first part of the proposition in the case
of thee distinct labeled Hodge-Tate weights with respect to the embedding τi. The proofs for the
cases of two or three equal Hodge-Tate weights are special cases of the proof above.
Proof of Proposition 1.2. If D∗ = E|τ | (~z0e0 + ~z1e1 + ~z2e2) is a rank one ϕ-stable submodule,
prove that if ~zr 6= ~0 for some r, then ~zj = 0 for all j 6= r. Indeed, let ~z0 6= ~0 and let z0(i) 6= 0
for some i. We may assume that z0 (i) = 1. Since D
∗ is ϕ-stable, z0 (i) 6= 0 for all i. We apply the
linear map ϕf to eτiD
∗ and we have
eτi (αe0 + βz1 (i) e1 + γz2(i)e2) = teτi (e0 + z1 (i) e1 + z2 (i) e2) .
Since the α, β, γ are distinct this implies that z1 (i) = z2 (i) = 0 for all i. Hence the only rank one
ϕ-stable submodules of D are the Ds = E
|τ |es, s = 0, 1, 2. Let D
∗ = E|τ | (~z0e0 + ~z1e1 + ~z2e2) ⊕
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E|τ | (~w0e0 + ~w1e1 + ~w2e2) be a rank two ϕ-stable submodule. Assume that z0 (i) 6= 0. If w0 (i) 6= 0,
there is no loss to assume that z0(i) = w0 (i) = 1. Since D
∗ is ϕ-stable, applying ϕf we see that
there exist λj(i), µj(i) ∈ E such that
αe0 + βz1(i)e1 + γz2(i)e2 = λ1(i) (e0 + z1(i)e1 + z2(i)e2) + µ1(i) (e0 + w1(i)e1 + w2(i)e2) , (1.8)
αe0 + βw1(i)e1 + γw2(i)e2 = λ2(i) (e0 + z1(i)e1 + z2(i)e2) + µ2(i) (e0 + w1(i)e1 + w2(i)e2) . (1.9)
These imply the following:
(λ1(i)− β) z1(i) + µ1(i)w1(i) = 0, (1.10)
(α− µ2(i)) z1(i) + (µ2(i)− β)w1(i) = 0, (1.11)
(λ1(i)− γ) z2(i) + µ1(i)w2(i) = 0, (1.12)
(α− µ2(i)) z2(i) + (µ2(i)− γ)w2(i) = 0, (1.13)
α = λ1(i) + µ1(i) = λ2(i) + µ2(i). (1.14)
We have (z1(i), w1(i)) 6= (0, 0) or (z2(i), w2(i)) 6= (0, 0) , and in the first case equations (1.10) ,
(1.11) and (1.14) imply that
det
(
λ1(i)− β µ1(i)
α− µ2(i) µ2(i)− β
)
= det
(
λ1(i)− β + µ1(i) µ1(i)
α− β µ2(i)− β
)
= (α− β) (µ2(i)− µ1(i)− β) = 0.
Hence µ1(i)− µ2(i) = b = λ2(i)− λ1(i). Subtracting equations (1.8) and (1.9) we get
β (z1(i)− w1(i)) e1 + γ (z2(i)− w2(i)) e2 = β (z1(i)− w1(i)) e1 + β (z2(i)− w2(i)) e2.
Since β 6= γ, the latter implies that z2(i) = w2(i). Then z1(i) 6= w1(i) and
eτiD
∗ = eτiE
|τ | (e0 + z1(i)e1 + z2(i)e2)⊕ eτiE
|τ | (e0 + w1(i)e1 + z2(i)e2) =
eτiE
|τ | (e0 + z1(i)e1 + z2(i)e2)⊕ eτiE
|τ |e1 = eτiE
|τ | (e0 + z2(i)e2)⊕ eτiE
|τ |e1.
Since the eigenvalues of ϕf are distinct, the latter is easily seen to be ϕ-stable if and only if
z2(i) = w2(i) = 0. Arguing similarly for the remaining cases we see that the only rank two ϕ-stable
submodules of D are the D01 := E
|τ |e0 ⊕ E
|τ |e1, D02 := E
|τ |e0 ⊕ E
|τ |e2, D12 := E
|τ |e1 ⊕ E
|τ |e2.
For any E|τ | subspace D∗ of D we have
tEH (D
∗) =
∑
j∈Z
dimE
(
Filj (D∗) /Filj+1 (D∗)
)
=
f−1∑
i=0
∑
j∈Z
dimE
(
Filj (eτiD
∗) /Filj+1 (eτiD
∗)
)
.
(1) Assume that HTτi (eτiD) = {0 = k0(i) < k1(i) < k2(i)}. Then the filtration of eτiD is given
by formula (F0). Since Fil
j (eτiD0) = eτiD0 ∩ Fil
j (eτiD) , we have
Filj (eτiD0) =


eτiE
|τ |e0 if j ≤ 0,
{
eτiE
|τ |e0 if x2(i) = 0,
0 if x2(i) = 1,
}
if 1 ≤ j ≤ k1(i),
{
eτiE
|τ |e0 if x1(i) = x
′′
2(i) = 0
0 if x1(i) 6= 0 or x
′′
2 (i) 6= 0,
}
if 1 + k1 ≤ j ≤ k2,
0 if j ≥ 1 + k2,
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hence
tEH (eτiD0) =


0 if x2(i) 6= 0,
k1(i) if x2(i) = 0 and x1(i) 6= 0,
k2(i) if x1(i) = x2(i) = 0.
Similarly,
Filj (eτiD1) =


eτiE
|τ |e1 if j ≤ 0,
{
eτiE
|τ |e1 if x
′
2(i) = 0,
0 if x′2(i) = 1,
}
if 1 ≤ j ≤ k1(i),
0 if 1 + k1 ≤ j,
hence
tEH (eτiD1) =
{
0 if x′2(i) = 1,
k1(i) if x
′
2(i) = 0,
and
Filj (eτiD2) =
{
eτiE
|τ |e2 if j ≤ 0,
0 if 1 ≤ j,
hence
tEH (D2) = 0,
Filj (eτiD01) =


eτiE
|τ |e0 ⊕ eτiE
|τ |e1 if j ≤ 0,


eτiE
|τ | (e0 − x2(i)e1) if x
′
2(i) = 1,
eτiE
|τ |e0 ⊕ eτiE
|τ |e1 if x2(i) = x
′
2(i) = 0,
eτiE
|τ |e1 if x
′
2(i) = 0 and x2(i) 6= 0,

 if 1 ≤ j ≤ k1(i),
{
eτiE
|τ | (e0 + x1(i)e1) if x2(i) + x1x
′
2(i) = 0,
0 if x2(i) + x1(i)x
′
2(i) 6= 0,
}
if 1 + k1 ≤ j ≤ k2(i),
0 if j ≥ 1 + k2(i),
hence
tEH (eτiD01) =


k1(i) if x2(i) + x1(i)x
′
2(i) 6= 0,
k2(i) if x2(i) + x1(i)x
′
2(i) = 0 and x
′
2(i) = 1,
k1(i) + k2(i) if x2(i) = x
′
2(i) = 0,
Filj (eτiD02) =


eτiE
|τ |e0 ⊕ eτiE
|τ |e2 if j ≤ 0,
eτiE
|τ | (e0 + x2(i)e2) if 1 ≤ j ≤ k1(i),
{
eτiE
|τ | (e0 + x2(i)e2) if x1(i) = 0,
0 if x1(i) 6= 0,
}
if 1 + k1(i) ≤ j ≤ k2(i),
0 if j ≥ 1 + k2(i),
hence
tEH (eτiD02) =
{
k1(i) if x1(i) 6= 0,
k2(i) if x1(i) = 0.
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Finally,
Filj (eτiD12) =


eτiE
|τ |e1 ⊕ eτiE
|τ |e2 if j ≤ 0,
eτiE
|τ | (e1 + x
′
2(i)e2) if 1 ≤ j ≤ k1(i),
0 if j ≥ 1 + k1(i).
Hence
tEH (eτiD12) = k1(i).
(2) Assume that the filtration of eτiD is given by formula (F1). We have
Filj (eτiD0) =


eτiD0 if j ≤ 0,
{
eτiD0 if x2(i) = 0,
0 if x2(i) = 1,
}
if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
hence
tEH (eτiD0) =
{
0 if x2(i) = 1,
k(i) if x1(i) = 0.
Filj (eτiD1) =


eτiD1 if j ≤ 0,
{
eτiD1 if x
′
2(i) = 0,
0 if x′2(i) = 1,
}
if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
hence
tEH (eτiD1) =
{
k(i) if x′2(i) = 0,
0 if x′2(i) = 1.
Filj (eτiD2) =
{
eτiD1 if j ≤ 0,
0 if j ≥ 1,
hence
tEH (eτiD2) = 0.
Filj (eτiD01) =


eτiD01 if j ≤ 0,


eτiE
|τ | (e0 + x2(i)e1) if x
′
2(i) = 1,
eτiD01 if x2(i) = x
′
2(i) = 0,
eτiE
|τ |e1 if x
′
2(i) = 0 and x2(i) 6= 0,

 if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
hence
tEH (eτiD01) =
{
k(i) if x′2(i) = 1 or x
′
2(i) = 0 and x2(i) 6= 0,
2k(i) if x2(i) = x
′
2(i) = 0.
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Filj (eτiD02) =


eτiD02 if j ≤ 0,
eτiE
|τ | (e0 + x2(i)e2) if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
hence
tEH (eτiD02) = k(i).
Filj (eτiD12) =


eτiD12 if j ≤ 0,
eτiE
|τ | (e1 + x
′
2(i)e2) if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
hence
tEH (eτiD12) = k(i).
(3) Assume that the filtration of eτiD is given by formula ( F2). We have
Filj (eτiD0) =


eτiE
|τ |e0 if j ≤ 0,
{
eτiE
|τ |e0 if x1(i) = x
′′
2 (i) = 0
0 if x1(i) 6= 0 or x
′′
2 (i) = 1,
}
if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
hence
tEH (eτiD0) =
{
0 if x1(i) = 1 or x
′′
2 (i) = 1,
k(i) if x1(i) = x
′′
2(i) = 0.
Filj (eτiD1) =
{
eτiE
|τ |e1 if j ≤ 0,
0 if 1 ≤ j,
and
Filj (eτiD2) =
{
eτiE
|τ |e2 if j ≤ 0,
0 if 1 ≤ j,
hence
tEH (eτiD1) = t
E
H (eτiD2) = 0.
Filj (eτiD01) =


eτiD01 if j ≤ 0,
{
eτiE
|τ | (e0 + x1(i)e1) if x
′′
2 (i) = 0,
0 if x′′2 (i) = 1,
}
if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
hence
tEH (eτiD01) =
{
0 if x′′2 (i) = 1,
k(i) if x′′2 (i) = 0.
Filj (eτiD02) =


eτiD02 if j ≤ 0,
{
eτiE
|τ | (e0 + x2(i)e2) if x1(i) = 0,
0 if x1(i) = 1,
}
if 1 ≤ j ≤ k(i),
0 if j ≥ 1 + k(i),
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hence
tEH (eτiD02) =
{
0 if x1(i) = 1,
k(i) if x1(i) = 0.
Filj (eτiD12) =
{
eτiD12 if j ≤ 0,
0 if 1 ≤ j,
tEH (eτiD12) = 0.
(4) If the filtration of eτiD is given by formula (F3), then all the Hodge invariants are 0. For weak
admissibility, we must have tEN (D) = t
E
H (D) and t
E
N (D
∗) = tEH (D
∗) for any ϕ-stable subspace D∗
of D. Clearly
tEN (D) = vp (Nmϕ (~a)) + vp(Nmϕ(
~b)) + vp (Nmϕ (~c))
and
tEH (D) =
∑
i∈I1
(k1(i) + k2(i)) +
∑
i∈I2
2k(i) +
∑
i∈I3
k(i).
Also, tEN (D0) = vp (Nmϕ (~a)) and
tEH (D0) =
∑
i∈I1


0 if x2(i) 6= 0,
k1(i) if x2(i) = 0 and x1(i) 6= 0,
k2(i) if x1(i) = x2(i) = 0

+
∑
i∈I2
{
0 if x2(i) = 1,
k(i) if x1(i) = 0
}
+
+
∑
i∈I
{
0 if x1(i) = 1 or x
′′
2 (i) = 1,
k(i) if x1(i) = x
′′
2 (i) = 0
}
.
Similarly, we must have
vp
(
Nmϕ(~b)
)
≥
∑
i∈I1
{
0 if x′2(i) = 1,
k1(i) if x
′
2(i) = 0
}
+
∑
i∈I2
{
k(i) if x′2(i) = 0,
0 if x′2(i) = 1
}
,
vp (Nmϕ(~c)) ≥ 0,
vp (Nmϕ (~a)) + vp
(
Nmϕ(~b)
)
≥
∑
i∈J1


k1(i) if x2(i) + x1(i)x
′
2(i) 6= 0,
k2(i) if x2(i) + x1(i)x
′
2(i) = 0 and x
′
2(i) = 1,
k1(i) + k2(i) if x2(i) = x
′
2(i) = 0

+
+
∑
i∈J2
{
k(i) if x′2(i) = 1 or x
′
2(i) = 0 and x2(i) 6= 0,
2k(i) if x2(i) = x
′
2(i) = 0
}
+
∑
i∈J3
{
0 if x′′2 (i) = 1,
k(i) if x′′2 (i) = 0
}
,
vp (Nmϕ (~a)) + vp (Nmϕ(~c)) ≥
∑
i∈J1
{
k1(i) if x1(i) 6= 0,
k2(i) if x1(i) = 0
}
+
∑
i∈J2
k(i) +
∑
i∈J3
{
0 if x1(i) = 1,
k(i) if x1(i) = 0
}
,
and
vp
(
Nmϕ(~b)
)
+ vp (Nmϕ(~c)) ≥
∑
i∈J1
k1(i) +
∑
i∈J2
k(i).
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Proof of Proposition 1.3. Let h : D (a, x)→ D
(
a1, y
)
an E|τ |-linear bijection. The map h is an
isomorphism or filtered ϕ-modules if and only if h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
for all i. Let
H := [h]
e
1
e =
(
~hij
)
. Since hϕ = ϕ1h, we have hϕ
f = ϕf1h, and since ϕ
f and ϕf1 are E
|τ |-linear,
H · diag
(
Nmϕ(~a),Nmϕ(~b),Nmϕ(~c)
)
= diag
(
Nmϕ(~a1),Nmϕ(~b1),Nmϕ(~c1)
)
·H,
which implies that
(Nmϕ(~a)−Nmϕ(~a1))~h11 = ~0,
(
Nmϕ(~a)−Nmϕ(~b1)
)
~h21 = ~0, (Nmϕ(~a)−Nmϕ(~c1))~h31 = ~0,(
Nmϕ(~b)−Nmϕ(~a1)
)
~h12 = ~0,
(
Nmϕ(~b)−Nmϕ(~b1)
)
~h22 = ~0,
(
Nmϕ(~b)−Nmϕ(~c1)
)
~h32 = ~0,
(1.15)
(Nmϕ(~c)−Nmϕ(~a1))~h13 = ~0,
(
Nmϕ(~c)−Nmϕ(~b1)
)
~h23 = ~0, (Nmϕ(~c)−Nmϕ(~c1))~h33 = ~0.
Clearly {Nmϕ(~a),Nmϕ(~b),Nmϕ(~c)} = {Nmϕ(~a1),Nmϕ(~b1),Nmϕ(~c1)} and we have the following
cases:
(1) If Nmϕ(~a) = Nmϕ(~a1), Nmϕ(~b) = Nmϕ(~b1), Nmϕ(~c) = Nmϕ(~c1). Since the eigenval-
ues of frobenius are distinct, equations (1.15) are equivalent to ~hij = ~0 for all i 6= j. We have
(he0, he1, he2) =
(
~h11e0,~h22e1,~h33e2
)
.
(a) If the filtration of eτiFil
jD (a, x) is given by formula (F0). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (h11(i)e0 + x1(i)h22(i)e1 + x
′′
2 (i)h33(i)e2) , (1.16)
where x′′2(i) = x2(i) + x1(i)x
′
2(i) and y
′′
2 (i) = y2(i) + y1(i)y
′
2(i), and
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (h11(i)e0 + x2(i)h33(i)e2)⊕ E (h22(i)e1 + x
′
2(i)h33(i)e2) .
(1.17)
Equation (1.16) is equivalent to y1(i)h11(i)e1 + y
′′
2 (i)h11(i)e2 = x1(i)h22(i)e1 + x
′′
2(i)h33(i)e2 and
the latter equivalent to
y1(i)h11(i) = x1(i)h22(i) and y
′′
2 (i)h11(i) = x
′′
2 (i)h33(i).
Equation (1.17) is equivalent to
h11(i)e0 + x2(i)h33(i)e2 = λ1 (e0 + y2(i)e2) ,
(h22(i)e1 + x
′
2(i)h33(i)e2) = λ2 (e1 + y
′
2(i)e2) ,
for some λ1, λ2 ∈ E. Hence λ1 = h11(i), λ2 = h22(i), h11(i)y2(i) = x2(i)h33(i) and h22(i)y
′
2(i) =
x′2(i)h33(i). We have
h11(i)y2(i) = x2(i)h33(i) and h22(i)y
′
2(i) = x
′
2(i)h33(i), (1.18)
y1(i)h11(i) = x1(i)h22(i) and y
′′
2 (i)h11(i) = x
′′
2 (i)h33(i). (1.19)
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Since x′2(i), y
′
2(i) ∈ {0, 1}, h22(i)y
′
2(i) = x
′
2(i)h33(i) implies that x
′
2(i) = y
′
2(i) and h22(i) = h33(i)
if x′2(i) = y
′
2(i) = 1. We have h11(i)y2(i) = x2(i)h33(i) , h22(i)y
′
2(i) = x
′
2(i)h33(i), y1(i)h11(i) =
x1(i)h22(i), and y
′′
2 (i)h11(i) = x
′′
2 (i)h33(i).
(i) If x′2(i) = y
′
2(i) = 1. Then h11(i)y2(i) = x2(i)h33(i), h22(i) = h33(i), y1(i)h11(i) =
x1(i)h22(i), and (y1(i) + y2(i)) h11(i) = (x1(i) + x2(i))h33(i), or equivalently,
y2(i)h11(i) = x2(i)h22(i)
y1(i)h11(i) = x1(i)h22(i)
h22(i) = h33(i).
(ia) If x2(i) = 1. Then y2(i) = 1 and h11(i) = h22(i), y1(i) = x1(i), and h22(i) = h33(i). Then
h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
is equivalent to
x2(i) = x
′
2(i) = y2(i) = y
′
2(i) = 1, and y1(i) = x1(i).
(ib) If x2(i) = 0. Then
y2(i)h11(i) = x2(i)h22(i),
y1(i)h11(i) = x1(i)h22(i),
h22(i) = h33(i),
hence x2(i) = y2(i) = 0 and x1(i) 6= 0 if and only if y1(i) 6= 0. Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
x′2(i) = y
′
2(i) = 1, x2(i) = y2(i) = 0, and x1(i) 6= 0 if and only if y1(i) 6= 0.
(ii) If x′2(i) = y
′
2(i) = 0.
y1(i)h11(i) = x1(i)h22(i)
y2(i)h11(i) = x2(i)h33(i).
Then equations (1.18) , (1.19) are equivalent to h11(i)y2(i) = x2(i)h33(i) and y1(i)h11(i) = x1(i)h22(i).
Then h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
is equivalent to x2(i) = 1 if and only if y2(i) = 1 and
x1(i) 6= 0 if and only if y1(i) 6= 0.
x′2(i) = y
′
2(i) = 0, (x2(i) = 1 if and only if y2(i) = 1) and (x1(i) 6= 0 if and only if y1(i) 6= 0) .
Hence eτiD (a, x) and eτiD
(
a1, y
)
are isomorphic if and only if either
x′2(i) = y
′
2(i) = 1, x2(i) = y2(i) = 1, and y1(i) = x1(i) or
x′2(i) = y
′
2(i) = 1, x2(i) = y2(i) = 0, and x1(i) 6= 0 if and only if y1(i) 6= 0, or
x′2(i) = y
′
2(i) = 0, x2(i) = 1 if and only if y2(i) = 1, and x1(i) 6= 0 if and only if y1(i) 6= 0.
(b) If the filtration of eτiFil
jD (a, x) is given by formula (F1). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (h11(i)e0 + x2(i)h33(i)e2)⊕ E (h22(i)e1 + x
′
2(i)h33(i)e2)
and the latter equivalent to
h11(i)e0 + x2(i)h33(i)e2 = λ1 (e0 + y2(i)e2) ,
(h22(i)e1 + x
′
2(i)h33(i)e2) = λ2 (e1 + y
′
2(i)e2) ,
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for some λ1, λ2 ∈ E. Hence λ1 = h11(i), λ1y2(i) = x2(i)h33(i), λ2 = h22(i), and λ2y
′
2(i) =
x′2(i)h33(i). These imply that y2(i)h11(i) = x2(i)h33(i), and h22(i)y
′
2(i) = x
′
2(i)h33(i), hence
h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
if and only if x2(i) 6= 0 if and only if y2(i), and x
′
2(i) 6= 0 if and only if y
′
2(i) 6= 0. Since
x2(i), y2(i), x
′
2(i), y
′
2(i) ∈ {0, 1} this is equivalent to x2(i) = y2(i) and x
′
2(i) = y
′
2(i).
(c) If the filtration of eτiFil
jD (a, x) is given by formula ( F2). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (h11(i)e0 + x1(i)h22(i)e1 + x
′′
2 (i)h33(i)e2) ,
which is in turn equivalent to y1(i)h11(i) = x1(i)h22(i) and y
′′
2 (i)h11(i) = x
′′
2 (i)h33(i). Hence
h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
if and only x1(i) = y1(i) and x
′′
2 (i) = y
′′
2 (i).
(2) If Nmϕ(~a) = Nmϕ(~b1), Nmϕ(~b) = Nmϕ(~a1), Nmϕ(~c) = Nmϕ(~c1). In this case equations
(1.15) imply that
H =


~0 ~h12 ~0
~h21 ~0 ~0
~0 ~0 ~h33


and (he0, he1, he2) =
(
~h21e1, ~h12e0, ~h33e2
)
.
(a) If the filtration of eτiFil
jD (a, x) is given by formula (F0). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (x1(i)h12(i)e0 + h21(i)e1 + x
′′
2 (i)h33(i)e2) , (1.20)
where x′′2(i) = x2(i) + x1(i)x
′
2(i) and y
′′
2 (i) = y2(i) + y1(i)y
′
2(i), and
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (h21(i)e1 + x2(i)h33(i)e2)⊕ E (h12(i)e0 + x
′
2(i)h33(i)e2) .
(1.21)
Equation (1.20) is equivalent to h21(i)e1 + x
′′
2 (i)h33(i)e2 = y1(i)x1(i)h12(i)e1 + y
′′
2 (i)x1(i)h12(i)e2
or equivalently
h21(i) = y1(i)x1(i)h12(i) and x
′′
2 (i)h33(i) = y
′′
2 (i)x1(i)h12(i).
Equation (1.21) is equivalent to h21(i)e1+x2(i)h33(i)e2 = λ1 (e1 + y
′
2(i)e2) and h12(i)e0+x
′
2(i)h33(i)e2 =
λ2 (e0 + y2(i)e2) , for some λ1, λ2 ∈ E. So λ1 = h21(i), λ2 = h12(i), x2(i)h33(i) = h21(i)y
′
2(i), x
′
2(i)h33(i) =
h12(i)y(i)2,
h21(i) = y1(i)x1(i)h12(i), x
′′
2 (i)h33(i) = y
′′
2 (i)x1(i)h12(i).
(i) If x′2(i) = y
′
2(i) = 0. Then x2(i) = y2(i) = 0 and h21(i) = y1(i)x1(i)h12(i). In this case,
eτiD (a, x) ≃ eτiD
(
a1, y
)
if and only if x′2(i) = y
′
2(i) = x2(i) = y2(i) = 0, and x1(i)y1(i) 6= 0.
(ii) If x′2(i) = 0, y
′
2(i) = 1. Then y2(i) = 0, x1(i)x2(i)y1(i) 6= 0, h21(i) = x2(i)h33(i), h21(i) =
y1(i)x1(i)h12(i), and x2(i)h33(i) = h21(i), h21(i) = y1(i)x1(i)h12(i). Hence eτiD (a, x) ≃ eτiD
(
a1, y
)
if and only if x2(i) = x
′
2(i) = y
′
2(i) = 1, y2 = 0, y1(i)x1(i) 6= 0.
(iii) If x′2(i) = 1, y
′
2(i) = 0. Then x2(i) = 0, h33(i) = h12(i)y2(i), h21(i) = y1(i)x1(i)h12(i),
and we must have x1(i)y1(i) 6= 0 and y2(i) = 1. Hence eτiD (a, x) ≃ eτiD
(
a1, y
)
if and only if
x′2(i) = y2(i) = 1, x2(i) = y
′
2(i) = 0, x1(i)y1(i) 6= 0.
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(iv) If x′2(i) = y
′
2(i) = 0, then x2(i) = 0, y2(i) = 0, and h21(i) = y1(i)x1(i)h12(i). In this case
eτiD (a, x) ≃ eτiD
(
a1, y
)
if
x2(i) = x
′
2(i) = y2(i) = y
′
2(i) = 0, and x1(i)y1(i) 6= 0.
(b) If the filtration of eτiFil
jD (a, x) is given by formula (F1). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (h21(i)e1 + x2(i)h33(i)e2)⊕ E (h12(i)e0 + x
′
2(i)h33(i)e2)
and the latter is equivalent to h21(i)e1+x2(i)h33(i)e2 = λ1 (e1 + y
′
2(i)e2) and h12(i)e0+x
′
2(i)h33(i)e2 =
λ2 (e0 + y2(i)e2) , for some λ1, λ2 ∈ E. Hence h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
if and only if
x2(i) = y
′
2(i) and x
′
2(i) = y2(i).
(c) If the filtration of eτiFil
jD (a, x) is given by formula ( F2). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (x1(i)h12(i)e0 + h21(i)e1 + x
′′
2 (i)h33(i)e2) ,
which is in turn equivalent to h21(i) = y1(i)x1(i)h12(i) and x
′′
2 (i)h33(i) = y
′′
2 (i)x1(i)h12(i). Hence
h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
if and only if x1(i) = y1(i) = 1 and x
′′
2 (i) = y
′′
2 (i).
(3) If Nmϕ(~a) = Nmϕ(~c1), Nmϕ(~b) = Nmϕ(~a1), Nmϕ(~c) = Nmϕ(~b1). In this case equations
(1.15) imply that
H =


~0 ~h12 ~0
~0 ~0 ~h23
~h31 ~0 ~0


and (he0, he1, he2) =
(
~h31e2,~h12e0,~h23e1
)
.
(a) If the filtration of eτiFil
jD (a, x) is given by formula (F0). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (x1(i)h12(i)e0 + x
′′
2 (i)h23(i)e1 + h31(i)e2) , (1.22)
where x′′2 (i) = x2(i) + x1(i)x
′
2(i) and y
′′
2 (i) = y2(i) + y1(i)y
′
2(i), and
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (x2(i)h23(i)e1 + h31(i)e2)⊕ E (h12(i)e0 + x
′
2(i)h23(i)e1) .
(1.23)
Equation (1.22) is equivalent to x′′2 (i)h23(i)e1 + h31(i)e2 = y1(i)x1h12(i)e1 + y
′′
2 (i)x1(i)h12(i)e2 if
and only if
x′′2 (i)h23(i) = y1(i)x1(i)h12(i),
h31(i) = y
′′
2 (i)x1(i)h12(i).
Equation (1.23) is equivalent to
x2(i)h23(i)e1 + h31(i)e2 = µ1e1 + µ1y
′
2(i)e2,
h12(i)e0 + x
′
2(i)h23(i)e1 = λ2e0 + µ2e1 + (µ2y
′
2(i) + λ2y2(i)) e2
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for some λi, µi ∈ E.We have λ2 = h12(i), µ1 = x2(i)h(i)23, µ2 = x
′
2(i)h23(i), x2(i)h23(i)y
′
2(i) =
h31(i),
x′2(i)h23(i)y
′
2(i) + h12(i)y2(i) = 0, x
′′
2 (i)h23(i) = y1(i)x1(i)h12(i), h31(i) = y
′′
2 (i)x1(i)h12(i) so
y′2(i)x2(i)h23(i) = h31(i), h23(i)y
′
2(i)x
′
2(i) + h12(i)y2(i) = 0, x
′′
2 (i)h23(i) = y1(i)x1(i)h12(i), and
h31(i) = y
′′
2 (i)x1(i)h12(i).
(i) If x′2(i) = 0, then
x2(i)h23(i) = h31(i)
y2(i) = 0
x2(i)h23(i) = y1(i)x1(i)h12(i)
h31(i) = y1(i)x1(i)h12(i)
x1(i)x2(i)y1(i) 6= 0
so we must have x2(i) = 1, y1(i)x1(i) 6= 0, h23(i) = y1(i)x1(i)h12(i), and h31(i) = h23(i). Then
h
(
eτiFil
jD (a, x)
)
= FiljeτiD
(
a, y
)
is equivalent to
x′2(i) = y2(i) = 0, x2(i) = y
′
2(i) = 1, x1(i)y1(i) 6= 0.
(ii) If x′2(i) = 1. Then
y′2(i)x2(i)h23(i) = h31(i)
h23(i)y
′
2(i)x
′
2(i) + h12(i)y2(i) = 0
x′′2 (i)h23(i) = y1(i)x1(i)h12(i)
h31(i) = y
′′
2 (i)x1(i)h12(i)
which implies that y′2(i) = x2(i) = y2(i) = 1 and
h31(i) = h23(i)
h23(i) = h12(i)
(x1(i) + 1)h23(i) = y1(i)x1(i)h12(i)
h31(i) = (y1(i) + 1)x1(i)h12(i),
so we need 0 = (y1(i) + 1)x1(i) + y2(i). Then h
(
eτiFil
jD (a, x)
)
= FiljeτiD
(
a, y
)
is equivalent to
x′2(i) = y
′
2(i) = x2(i) = y2(i) 6= 0, and (y1(i) + y2(i))x1(i) + y2(i)x2(i) = 0.
Summary:
x′2(i) = y2(i) = x2(i) = 0, y
′
2(i) = 1, x1(i)y1(i) 6= 0, or
x′2(i) = y
′
2(i) = x2(i) = y2(i) = 1, and (y1(i) + 1)x1(i) + 1 = 0.
(b) If the filtration of eτiFil
jD (a, x) is given by formula (F1). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (x2(i)h23(i)e1 + h31(i)e2)⊕ E (h12(i)e0 + x
′
2(i)h23(i)e1)
which is in turn equivalent to
x2(i)h23(i)e1 + h31(i)e2 = µ1e1 + µ1y
′
2(i)e2,
h12(i)e0 + x
′
2(i)h23(i)e1 = λ2e0 + µ2e1 + (µ2y
′
2(i) + λ2y2(i)) e2
19
for some λi, µi ∈ E. We have x2(i)y
′
2(i)h23(i) = h31(i), and x
′
2(i)h23(i)y
′
2(i)+h12(i)y2(i) = 0. Then
h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
if and only if x2(i) = y
′
2(i) = 1 and x
′
2(i) = y2(i).
(c) If the filtration of eτiFil
jD (a, x) is given by formula ( F2). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (x1(i)h12(i)e0 + x
′′
2 (i)h23(i)e1 + h31(i)e2) ,
and the latter is equivalent to x′′2 (i)h23(i) = y1(i)x1(i)h12(i), and h31(i) = y
′′
2 (i)x1(i)h12(i). Then
h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
if and only if y′′2 (i) = x1(i) = 1 and x
′′
2 (i) = y1(i).
(4) If Nmϕ(~a) = Nmϕ(~a1), Nmϕ(~b) = Nmϕ(~c1), Nmϕ(~c) = Nmϕ(~b1) then
H =


~h11 ~0 ~0
~0 ~0 ~h23
~0 ~h32 ~0


and
(he0, he1, he2) =
(
~h11e0, ~h32e2, ~h23e1
)
.
(a) If the filtration of eτiFil
jD (a, x) is given by formula (F0). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (h11(i)e0 + x
′′
2 (i)h23(i)e1 + x1(i)h32(i)e2) , (1.24)
where x′′2 (i) = x2(i) + x1(i)x
′
2(i) and y
′′
2 (i) = y2(i) + y1(i)y
′
2(i), and
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (h11(i)e0 + x2(i)h23(i)e1)⊕ E (x
′
2(i)h23(i)e1 + h32(i)e2) .
(1.25)
Equation (1.24) is equivalent to x′′2 (i)h32(i)e1 + x1(i)h32(i)e2 = y1(i)h11(i)e1 + y
′′
2 (i)h11(i)e2 or
equivalently
x′′2(i)h23(i) = y1(i)h11(i),
x1(i)h32(i) = y
′′
2 (i)h11(i).
Equation (1.25) is equivalent to
h11(i)e0 + x2(i)h23(i)e1 = λ1e0 + µ1e1 + (µ1y
′
2(i) + λ1y2(i)) e2,
x′2(i)h23(i)e1 + h32(i)e2 = µ2e1 + µ2y
′
2(i)e2
for some λi, µi ∈ E. Then x
′′
2(i)h23(i) = y1(i)h11(i), x1(i)h32(i) = y
′′
2 (i)h11(i), y
′
2(i)x2(i)h23(i) +
y2(i)h11(i) = 0, and h32(i) = y
′
2(i)x
′
2(i)h23(i). Hence y
′
2(i) = x
′
2(i) = 1, h23(i) = h32(i) and
(x1(i) + x2(i)) h32(i) = y1(i)h11(i),
x1(i)h32(i) = (y1(i) + y2(i)) h11(i),
x2(i)h32(i) = −y2(i)h11(i).
if and only if y′2(i) = x
′
2(i) = 1, h23(i) = h32(i), x1(i)h32(i) = (y1(i) + y2(i))h11(i), and x2(i)h32(i) =
−y2(i)h11(i).
(i) If x2(i) = 1 then y2(i) = 1 and x1(i)+y1(i)+1 = 0, h32(i) = −h11(i). Then h
(
FiljeτiD (a, x)
)
=
FiljeτiD
(
a, y
)
is equivalent to
y′2(i) = x
′
2(i) = 1, x2(i)y2(i) 6= 0, and x1(i)y2(i) + x2(i) (y1(i) + y2(i)) = 0.
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(ii) If x2(i) = 0, then y
′
2(i) = x
′
2(i) = 1, y2(i) = 0, and
x1(i)h32(i) = y1(i)h11(i),
so we need x1(i) 6= 0 if and only if y1(i) 6= 0 and h
(
FiljeτiD (a, x)
)
= FiljeτiD
(
a, y
)
is equivalent
to
x2(i) = y2(i) = 0, x
′
2(i) = y
′
2(i) = 1, and x1(i) 6= 0 if and only if y1(i) 6= 0.
(b) If the filtration of eτiFil
jD (a, x) is given by formula (F1). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (h11(i)e0 + x2(i)h23(i)e1)⊕ E (x
′
2(i)h23(i)e1 + h32(i)e2)
and this is equivalent to
h11(i)e0 + x2(i)h23(i)e1 = λ1e0 + µ1e1 + (µ1y
′
2(i) + λ1y2(i)) e2,
x′2(i)h23(i)e1 + h32(i)e2 = µ2e1 + µ2y
′
2(i)e2
for some λi, µi ∈ E.We have x2(i)y
′
2(i)h23(i)+h11(i)y2(i) = 0, and h32(i) = x
′
2(i)y
′
2(i)h23(i). Hence
h
(
FiljeτiD (a, x)
)
= FiljeτiD
(
a, y
)
if and only if x′2(i) = y
′
2(i) = 1 and x2(i) = y2(i).
(c) If the filtration of eτiFil
jD (a, x) is given by formula ( F2). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (h11(i)e0 + x
′′
2 (i)h23(i)e1 + x1(i)h32(i)e2)
and this is equivalent to x′′2(i)h23(i) = y1(i)h11(i), and x1(i)h32(i) = y
′′
2 (i)h11(i). Hence h
(
FiljeτiD (a, x)
)
=
FiljeτiD
(
a, y
)
if and only if x′′2 (i) = y1(i) and x1(i) = y
′′
2 (i).
(5) If Nmϕ(~a) = Nmϕ(~c1), Nmϕ(~b) = Nmϕ(~b1), Nmϕ(~c) = Nmϕ(~a1). Then
H =


~0 ~0 ~h13
~0 ~h22 ~0
~h31 ~0 ~0


and
(he0, he1, he2) =
(
~h31e2, ~h22e1, ~h13e0
)
(a) If the filtration of eτiFil
jD (a, x) is given by formula (F0). Then h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (x
′′
2 (i)h13(i)e0 + x1(i)h22(i)e1 + h31(i)e2) , (1.26)
where x′′2 (i) = x2(i) + x1(i)x
′
2(i) and y
′′
2 (i) = y2(i) + y1(i)y
′
2(i), and
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (x2(i)h13(i)e0 + h31(i)e2)⊕ E (x
′
2(i)h13(i)e0 + h22(i)e1) .
(1.27)
Equation (1.26) is equivalent to x1(i)h22(i)e1 + h31(i)e2 = y1(i)x
′′
2 (i)h13(i)e1 + y
′′
2 (i)x
′′
2 (i)h13(i)e2
if and only if
x1(i)h22(i) = y1(i)x
′′
2 (i)h13(i),
h31(i) = y
′′
2 (i)x
′′
2 (i)h13(i).
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Equation (1.27) is equivalent to
x2(i)h13(i)e0 + h31(i)e2 = λ1e0 + λ1y2(i)e2,
x′2(i)h13(i)e0 + h22(i)e1 = λ2e0 + µ2e1 + (µ2y
′
2(i) + λ2y2(i)) e2
for some λi, µi ∈ E. So, h31(i) = x2(i)y2(i)h13(i), y
′
2(i)h22(i) = −x
′
2(i)y2(i)h13(i), x1(i)h22(i) =
y1(i)x
′′
2 (i)h13(i), h31(i) = y
′′
2 (i)x
′′
2 (i)h13(i)
and we must have x2(i) = y2(i) = y
′′
2 (i) = x
′′
2 (i) = 1, y
′
2(i)h22(i) = −x
′
2(i)y2(i)h13(i), h31(i) =
h13(i), and x1(i)h22(i) = y1(i)h13(i) (i) x
′
2(i) = 1 then y
′
2(i) = 1 and h22(i) = −h13(i), h31(i) =
h13(i), x1(i)h22(i) = y1(i) (x1(i) + 1)h13(i), and 1 = (y1(i) + 1) (x1(i) + 1) . (ia) x1(i) 6= 0. Then
x′2(i) = y
′
2(i) = 1 and we need y1(i) (x1(i) + 1)h13(i) = −x1(i)h13(i) which holds because 1 =
(y1(i) + 1) (x1(i) + 1) . Then h
(
FiljeτiD (a, x)
)
= FiljeτiD
(
a, y
)
is equivalent to
x′2(i) = y
′
2(i) = x2(i) = y2(i) = 1, x1(i)y1(i) 6= 0, and 1 = (y1(i) + 1) (x1(i) + 1) .
(ib) If x1(i) = 0. Then x
′
2(i) = y
′
2(i) = y2(i) = x2(i) = 1 and h22(i) = −h13(i), h31(i) = h13(i).
Then h
(
FiljeτiD (a, x)
)
= FiljeτiD
(
a, y
)
is equivalent to
x1(i) = y1(i) = 0, x
′
2(i) = y
′
2(i) = x2(i) = y2(i) = 1.
(ii) If x′2(i) = 0 = y
′
2(i), then x2(i) = y2(i) = 1 and x1(i)h22(i) = y1(i)h13(i), h31(i) = h13(i).
(iia) If x1(i) = 0. Then x
′
2(i) = y
′
2(i) = 0, x2(i) = y2(i) = 1, y1(i)h13(i) = 0 and h31(i) = h13(i).
Then h
(
FiljeτiD (a, x)
)
= FiljeτiD
(
a, y
)
is equivalent to
x1(i) = y1(i) = x
′
2(i) = y
′
2(i) = 0, and x2(i) = y2(i) = 1.
(iib) If x1(i) 6= 0, then we must have x
′
2(i) = y
′
2(i) = 0, x2(i) = y2(i) = 1, x1(i)h22(i) =
y1(i)h13(i) and y1(i) 6= 0. Then h
(
FiljeτiD (a, x)
)
= FiljeτiD
(
a, y
)
is equivalent to
x′2(i) = y
′
2(i) = 0, x2(i) = y2(i) = 1, and x1(i)y1(i) 6= 0.
(b) If the filtration of eτiFil
jD (a, x) is given by formula (F1). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (x2(i)h13(i)e0 + h31(i)e2)⊕ E (x
′
2(i)h13(i)e0 + h22(i)e1)
which is equivalent to
x2(i)h13(i)e0 + h31(i)e2 = λ1e0 + λ1y2(i)e2,
x′2(i)h13(i)e0 + h22(i)e1 = λ2e0 + µ2e1 + (µ2y
′
2(i) + λ2y2(i)) e2
for some λi, µi ∈ E. Then y2(i)x2(i)h13(i) = h31(i) and h22(i)y
′
2(i) + x
′
2(i)h13(i)y2(i) = 0. Hence
h
(
FiljeτiD (a, x)
)
= FiljeτiD
(
a, y
)
if and only if y2(i) = x2(i) = 1 and y
′
2(i) = x
′
2(i).
(c) If the filtration of eτiFil
jD (a, x) is given by formula ( F2). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (x
′′
2 (i)h13(i)e0 + x1(i)h22(i)e1 + h31(i)e2)
which is equivalent to x1(i)h22(i) = y1(i)x
′′
2 (i)h13(i), and h31(i) = y
′′
2 (i)x
′′
2 (i)h13(i). Hence
h
(
FiljeτiD (a, x)
)
= FiljeτiD
(
a, y
)
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if and only if y′′2 (i) = x
′′
2 (i) = 1 and y1(i) = x1(i).
(6) If Nmϕ(~a) = Nmϕ(~b1), Nmϕ(~b) = Nmϕ(~c1), Nmϕ(~c) = Nmϕ(~a1). Then
H =


~0 ~0 ~h13
~h21 ~0 ~0
~0 ~h32 ~0


and
(he0, he1, he2) =
(
~h21e1, ~h32e2, ~h13e0
)
.
(a) If the filtration of eτiFil
jD (a, x) is given by formula (F0). Then h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (x
′′
2 (i)h13(i)e0 + h21(i)e1 + x1(i)h32(i)e2) , (1.28)
where x′′2 (i) = x2(i) + x1(i)x
′
2(i) and y
′′
2 (i) = y2(i) + y1(i)y
′
2(i), and
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (x2(i)h13(i)e0 + h21(i)e1)⊕ E (x
′
2(i)h13(i)e0 + h32(i)e2) .
(1.29)
Equation (1.31) is equivalent to h21(i)e1 + x1(i)h32(i)e2 = y1(i)x
′′
2 (i)h13(i)e1 + y
′′
2 (i)x
′′
2 (i)h13(i)e2
if and only if
h21(i) = y1(i)x
′′
2 (i)h13(i)
x1(i)h32(i) = y
′′
2 (i)x
′′
2 (i)h13(i)
and equation (1.29) is equivalent to
x2(i)h13(i)e0 + h21(i)e1 = λ1e0 + µ1e1 + (λ1y2(i) + µ1y
′
2(i)) e2
x′2(i)h13(i)e0 + h32(i)e2 = λ2e0 + λ2y2(i)e2
for some λi, µi ∈ E.We have h21(i) = y1(i)x
′′
2 (i)h13(i), x1(i)h32(i) = y
′′
2 (i)x
′′
2 (i)h13(i), x2(i)y2(i)h13(i)+
y′2(i)h21(i) = 0, and x
′
2(i)y2(i)h13(i) = h32(i). Then x
′
2(i) = x
′′
2 (i) = y2(i) = 1 and h21(i) =
y1(i)h13(i), h32(i) = h13(i), x1(i)h32(i) = y
′′
2 (i) (x1(i) + x2(i))h13(i), x2(i)y2(i)h13(i)+y
′
2(i)h21(i) =
0.
(i) If y′2(i) = x2(i) = 0, then we must have x
′
2(i) = y1(i) = y2(i) = 1, x1(i)y1(i) 6= 0, h21(i) =
y1(i)x
′′
2 (i)h13(i), and h32(i) = y2(i)h13(i). Then h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
if and only if
x′2(i) = y2(i) = 1, y
′
2(i) = x2(i) = 0, x1(i)y1(i) 6= 0.
(ii) If y′2(i) = x
′
2(i) = 1. Thenwe must have x2(i) = y2(i) = 1, y1(i) (x1(i) + 1) + 1 = 0, h21(i) =
−h13(i), and h32(i) = h13(i). Hence h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
if and only if
x′2(i) = y
′
2(i) = x2(i) = y2(i) = 1, and y1(i) (x1(i) + 1) + 1 = 0.
(b) If the filtration of eτiFil
jD (a, x) is given by formula (F1). Then h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y2(i)e2)⊕ E (e1 + y
′
2(i)e2) = E (x2(i)h13(i)e0 + h21(i)e1)⊕ E (x
′
2(i)h13(i)e0 + h32(i)e2)
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which is equivalent to
x2(i)h13(i)e0 + h21(i)e1 = λ1e0 + µ1e1 + (λ1y2(i) + µ1y
′
2(i)) e2
x′2(i)h13(i)e0 + h32(i)e2 = λ2e0 + λ2y2(i)e2
for some λi, µi ∈ E. We must have y2(i)x2(i)h13(i) + h21(i)y
′
2(i) = 0 and y2(i)x
′
2(i)h13(i) = h32(i).
Then h
(
eτiFil
jD (a, x)
)
= eτiFil
jD
(
a, y
)
if and only if y2(i) = x
′
2(i) = 1 and x2(i) = y
′
2(i).
(c) If the filtration of eτiFil
jD (a, x) is given by formula ( F2). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
is equivalent to
E (e0 + y1(i)e1 + y
′′
2 (i)e2) = E (x
′′
2 (i)h13(i)e0 + h21(i)e1 + x1(i)h32(i)e2)
which is equivalent to h21(i) = y1(i)x
′′
2 (i)h13(i), and x1(i)h32(i) = y
′′
2 (i)x
′′
2 (i)h13(i). Then h
(
eτiFil
jD (a, x)
)
=
eτiFil
jD
(
a, y
)
if and only if y1(i) = x
′′
2 (i) = 1 and x1(i) = y
′′
2 (i).
Proof of Proposition 1.4. Let (D,ϕ,N) be a filtered (ϕ,N)-module and let (D,ϕ) be as in
Proposition 1.1. Let e be an ordered basis such that Mate (ϕ) = diag
(
~a,~b,~c
)
. Let A := [N ]e =
(~aij) . Since Nϕ = pϕN, we have AP = pPϕ (A) , where P := Mate (ϕ) . Hence
~a · ~a11 = p · ~a · ϕ (~a11) , ~b · ~a12 = p · ~a · ϕ (~a12) , ~c · ~a13 = p · ~a · ϕ (~a13) , (1.30)
~a · ~a21 = p ·~b · ϕ (~a21) , ~b · ~a22 = p ·~b · ϕ (~a22) , ~c · ~a23 = p ·~b · ϕ (~a23) , (1.31)
~a · ~a31 = p · ~c · ϕ (~a31) , ~b · ~a32 = p · ~c · ϕ (~a32) , ~c · ~a33 = p · ~c · ϕ (~a33) (1.32)
for all i = 1, 2, 3. Since the coordinates of the vectors ~a,~b,~c are nonzero, equations (1.30) , (1.31) , (1.32)
imply that either all the coordinates of the vectors ~aij are nonzero or ~aij = ~0, for any i, j ∈ {1, 2, 3}.
We need the following lemma whose proof is straightforward.
Lemma 1.6 Let ~α, ~β ∈ (E×)
|τ |
. The equation ~α ·~γ = ~β ·ϕ(~γ) has nonzero solutions ~γ ∈ E|τ | if and
only if Nmϕ(~α) = Nmϕ(~β). In this case, all the solutions are ~γ = γ
(
1, α0
β0
, α0α1
β0β1
, ...,
α0α1···αf−2
β0β1···βf−2
)
for
any γ ∈ E.
Proof. Since Nϕf = pfϕfN, we have ANmϕ (P ) = p
fNmϕ (P )A, hence
Nmϕ(~a) · ~a11 = p
f ·Nmϕ(~a) · ~a11, Nmϕ(~b) · ~a12 = p
f · Nmϕ(~a) · ~a12, Nmϕ(~c) · ~a13 = p
f · Nmϕ(~a) · ~a13,
Nmϕ(~a) · ~a21 = p
f ·Nmϕ(~b) · ~a21, Nmϕ(~b) · ~a22 = p
f · Nmϕ(~b) · ~a22, Nmϕ(~c) · ~a23 = p
f ·Nmϕ(~b) · ~a23,
Nmϕ(~a) · ~a31 = p
f ·Nmϕ(~c) · ~a31, Nmϕ(~b) · ~a32 = p
f ·Nmϕ(~c) · ~a32, Nmϕ(~c) · ~a33 = p
f · Nmϕ(~c) · ~a33.
Since the eigenvalues of frobenius are distinct, ~a11 = ~a22 = ~a33 = ~0. Moreover, if ~aij 6= ~0 then
~aji = ~0 for all i, j. We show that at most two entries of [N ]e are nonzero and give their precise
formulas.
(i) If ~a12 6= ~0, then Nmϕ(~b) = p
fNmϕ(~a) and the equation ~b · ~a12 = p · ~a · ϕ (~a12) and Lemma
1.6 imply that
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~a12 = a12
(
1,
b (0)
pa (0)
,
b (0) b (1)
p2a (0) a (1)
, · · · ,
b (0) b (1) · · · b (f − 2)
pf−1a (0)a (1) · · · a (f − 2)
)
for some a12 ∈ E
×. If ~a13 6= ~0, then Nmϕ(~c) = p
fNmϕ(~a) a contradiction since the eigenvalues of
frobenius are distinct. Hence ~a13 = ~0, and similarly ~a32 = ~0 and ~a21 = ~0.
(ia) If ~a31 6= ~0, then Nmϕ(~a) = p
fNmϕ(~c) and the equation ~a · ~a31 = p · ~c · ϕ (~a31) and Lemma
1.6 imply that
~a31 = a31
(
1,
a (0)
pc (0)
,
a (0)α (1)
p2c (0) c (1)
, · · · ,
a (0)α (1) · · · a (f − 2)
pf−1c (0) c (1) · · · c (f − 2)
)
for some a31 ∈ E
×.
(ib) If ~a23 6= ~0, then Nmϕ(~c) = p
fNmϕ(~b) and and the equation ~c ·~a23 = p ·~b ·ϕ (~a23) and Lemma
1.6 imply that
~a23 = a23
(
1,
c (0)
pb (0)
,
c (0) c (1)
p2b (0) b (1)
, · · · ,
c (0) c (1) · · · c (f − 2)
pf−1b (0) b (1) · · · b (f − 2)
)
for some a23 ∈ E
×. Notice that at most one of the ~a31 and ~a23 can be nonzero. Hence
[N ]e =


~0 ~a12 ~0
~0 ~0 ~a23
~a31 ~0 ~0


with
~a12 = a12
(
1,
b (0)
pa (0)
,
b (0) b (1)
p2a (0)a (1)
, · · · ,
b (0) b (1) · · · b (f − 2)
pf−1a (0) a (1) · · · a (f − 2)
)
for some a12 ∈ E,
~a31 = a31
(
1,
a (0)
pc (0)
,
a (0)α (1)
p2c (0) c (1)
, · · · ,
a (0)α (1) · · · a (f − 2)
pf−1c (0) c (1) · · · c (f − 2)
)
for some a31 ∈ E,
~a23 = a23
(
1,
c (0)
pb (0)
,
c (0) c (1)
p2b (0) b (1)
, · · · ,
c (0) c (1) · · · c (f − 2)
pf−1b (0) b (1) · · · b (f − 2)
)
for some a23 ∈ E.
If a12 6= 0 then Nmϕ(~b) = p
fNmϕ(~a), if a31 6= 0 then Nmϕ(~a) = p
fNmϕ(~c) and if a23 6= 0 then
Nmϕ(~c) = p
fNmϕ(~b) and at most two of the entries of the matrix of [N ]e are nonzero. Arguing
similarly for the remaining possibilities we see that [N ]e has one of the following shapes:
(i)
[N ]e =


~0 ~a12 ~0
~0 ~0 ~a23
~a31 ~0 ~0


with
~a12 = a12
(
1,
b (0)
pa (0)
,
b (0) b (1)
p2a (0)a (1)
, · · · ,
b (0) b (1) · · · b (f − 2)
pf−1a (0) a (1) · · · a (f − 2)
)
for some a12 ∈ E,
~a31 = a31
(
1,
a (0)
pc (0)
,
a (0)α (1)
p2c (0) c (1)
, · · · ,
a (0)α (1) · · · a (f − 2)
pf−1c (0) c (1) · · · c (f − 2)
)
for some a31 ∈ E,
~a23 = a23
(
1,
c (0)
pb (0)
,
c (0) c (1)
p2b (0) b (1)
, · · · ,
c (0) c (1) · · · c (f − 2)
pf−1b (0) b (1) · · · b (f − 2)
)
for some a23 ∈ E.
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If a12 6= 0 then Nmϕ(~b) = p
fNmϕ(~a), if a31 6= 0 then Nmϕ(~a) = p
fNmϕ(~c) and if a23 6= 0 then
Nmϕ(~c) = p
fNmϕ(~b). At most two of the entries of the matrix of [N ]e are nonzero.
(ii)
[N ]e =


~0 ~0 ~a13
~a21 ~0 ~0
~0 ~a32 ~0


with
~a13 = a13
(
1,
c (0)
pa (0)
,
c (0) c (1)
p2a (0)a (1)
, · · · ,
c (0) c (1) · · · c (f − 2)
pf−1a (0) a (1) · · · a (f − 2)
)
for some a13 ∈ E,
~a21 = a21
(
1,
a (0)
pb (0)
,
a (0)a (1)
p2b (0) b (1)
, · · · ,
a (0) a (1) · · · a (f − 2)
pf−1b (0) b (1) · · · b (f − 2)
)
for some a21 ∈ E,
~a32 = a32
(
1,
b (0)
pc (0)
,
b (0) b (1)
p2c (0) c (1)
, · · · ,
b (0) b (1) · · · b (f − 2)
pf−1c (0) c (1) · · · c (f − 2)
)
for some a32 ∈ E.
If a13 6= 0 then Nmϕ(~c) = p
fNmϕ(~a), if a21 6= 0 then Nmϕ(~c) = p
fNmϕ(~b) and if a32 6= 0 then
Nmϕ(~b) = p
fNmϕ(~c). At most two of the entries of the matrix of [N ]e are nonzero.
(iii)
[N ]e =


~0 ~a12 ~0
~0 ~0 ~a23
~a31 ~0 ~0


with
~a12 = a12
(
1,
b (0)
pa (0)
,
b (0) b (1)
p2a (0)a (1)
, · · · ,
b (0) b (1) · · · b (f − 2)
pf−1a (0) a (1) · · · a (f − 2)
)
for some a12 ∈ E,
~a23 = a23
(
1,
c (0)
pb (0)
,
c (0) c (1)
p2b (0) b (1)
, · · · ,
c (0) c (1) · · · c (f − 2)
pf−1b (0) b (1) · · · b (f − 2)
)
for some a23 ∈ E,
~a31 = a31
(
1,
a (0)
pc (0)
,
a (0) a (1)
p2c (0) c (1)
, · · · ,
a (0) a (1) · · ·a (f − 2)
pf−1c (0) c (1) · · · c (f − 2)
)
for some a31 ∈ E.
If a12 6= 0 then Nmϕ(~b) = p
fNmϕ(~a), if a23 6= 0 then Nmϕ(~c) = p
fNmϕ(~b) and if a31 6= 0 then
Nmϕ(~a) = p
fNmϕ(~c). At most two of the entries of the matrix of [N ]e are nonzero.
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